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STUDY OF DIRECT-RETURN " D E Z V O U S  TRI-IJECTORIES USING 
CONSTANT-THRUST ENGINES AND RENDEZVOUS 
OR MANEWERING TKRUSTERS 
By James L.  W i l l i a m s  and Herman S. Fletcher 
Langley Research Center 
SUMMARY 
A n  analy t ica l  study has been made t o  determine the  e f f ec t  of using two 
separate engines i n  the  lunar excursion module or lander f o r  direct-return ren- 
dezvous with a vehicle i n  an 80-nautical-mile c i rcu lar  o r b i t  around the  moon. 
A high-thrust engine was used f o r  ascent t o  es tab l i sh  a nonimpact t r ans fe r  
o rb i t .  After a period of coast ,  a low-thrust engine w a s  used t o  complete ren- 
dezvous. Only coast t r a j e c t o r i e s  w i t h  pericynthion a l t i t u d e s  greater  than 
25 000 f e e t  (7620 meters) were considered, so  t h a t  i n  the  event of f a i l u r e  of 
the  low-thrust engine the  lander would follow a nonimpact o r b i t .  
It was found t h a t  cha rac t e r i s t i c  veloci ty  ( a  measure of t he  f u e l  consump- 
t i o n ) ,  angular distance t raveled t o  rendezvous, and the magnitude of t h e  sepa- 
ra t ion  angle between o rb i t e r  and lander a t  l i f t - o f f  were primarily functions of 
the  i n i t i a l  thrust-weight r a t i o .  The magnitude of the low th rus t  used f o r  ren- 
dezvous had l i t t l e  e f f ec t  on these parameters i n  terms of the  complete d i r ec t -  
re turn rendezvous t r a j ec to ry .  From the  viewpoint of man-machine consideration, 
t he  increased thrus t  durations associated with low-thrust engines permit more 
precise  control  during t h e  f i n a l  th rus t ing  phase of the  direct-return rendezvous. 
INTROLXJCTION 
Several approaches t o  performing the  manned lunar mission have been under 
consideration f o r  some time. Of these approaches the  lunar o rb i t  rendezvous 
has been selected by t h i s  nation a s  the  primary method of accomplishing the 
lunar exploration mission. The lunar-orbit-rendezvous operation involves a 
rendezvous with a vehicle i n  o rb i t  around the  moon. Many s tudies  have been 
made t o  determine the  implication of the  required rendezvous on various phases 
of the lunar mission. A summary of some of these s tudies  i s  presented i n  
reference 1. 
Some consideration has been given t o  the use of single-stage constant- 
t h rus t  engines f o r  performing t h e  ascent operation from the  surface of the moon 
t o  es tab l i sh  a c i r cu la r  o r b i t .  (See r e f ,  2 . )  However, constant-thrust  engines 
are not particularly efficient for use from launch to orbit (refs. 3 and 4). 
This inefficiency suggests the use of a high-thrust engine to establish a non- 
impact trajectory (ballistic transfer orbit) and a low-thrust engine for ren- 
dezvous. 
vous phase of the lunar mission and to determine the characteristics and effi- 
ciency of two engines with different thrust levels. 
The purpose of this paper is to examine the lunar take-off to rendez- 
SYMBOLS 
The units used for the physical quantities defined in this section are 
given in both U.S. Customary Units and in the International System of Units 
(SI). (See ref. 5.) 
F thrust, pounds (newtons) 
F O  
ge 
initial thrust of lander at lunar surface, pounds (newtons) 
gravitational acceleration at surface of earth, 32.2 feet/second 2 
(9.8 meters/second2) 
gm gravitational acceleration at surface of moon, 5.32 feet/second* 
(1.62 meters/second2) 
h altitude, feet (meters) 
altitude at pericynthion, feet (meters) hP 
specific impulse, 305 seconds ISP 
m 
mf 
mass of lander at any point in trajectory, slugs (kilograms) 
mass of fuel used, slugs (kilograms) 
m0 initial mass of lander at lunar surface, slugs (kilograms) 
r 
r 
E' 
rm 
radial distance from center of moon, feet (meters) 
radial velocity component, feet/second (meters/second) 
radial a c c e le ra t i on, feet/ s e c ond2 ( meters/ s e c ond2 ) 
radius of moon, 5 702 000 feet (1.738 x lo3 kilometers) 
t time, seconds 
t f time during which rocket is firing, seconds 
2 
AV cha rac t e r i s t i c  veloci ty ,  Ispge log, mo , feet/second 
mo - mf 
( meters/ second) 
(AV)asc 
(AV ) ren 
W 
WO 
cha rac t e r i s t i c  ve loc i ty  f o r  ascent,  feet/second (meters/second) 
charac te r i s t ic  ve loc i ty  f o r  rendezvous, feet/second (meters/second) 
weight of lander,  pounds (newtons) 
i n i t i a l  weight of lander a t  lunar surface, %ge, pounds (newtons) 
13 t h rus t  vector angle (measured from l o c a l  horizontal) ,  degrees or 
radians 
7 vehicle f l igh t -pa th  angle, degrees 
e angular t r a v e l  over lunar surface, degrees or radians 
0, angular t r a v e l  f o r  coast ,  degrees or radians 
OR 
6 
0 
A0 
t o t a l  range angle t o  rendezvous, 
angular r a t e ,  radians/second o r  degrees/second 
angular accelerat ion,  radians/second2 or degrees/second* 
separation angle between o rb i t e r  (cont ro l  module and service 
8 1  + 0, + 83, degrees o r  radians 
- .. 
module) and lander ( lunar  excursion module) a t  l i f t - o f f ,  degrees 
Subscripts : 
1 conditions a t  t h rus t  cut-off p r io r  t o  coast 
2 conditions a t  t h rus t  i n i t i a t i o n  
3 conditions a f t e r  f i n a l  th rus t ing  period 
ANALYSIS 
In  t h i s  invest igat ion an examination i s  made of the  rendezvous t r a j ec -  
t o r i e s  obtained by u t i l i z i n g  high-thrust engines f o r  l i f t - o f f  and low-thrust 
engines for rendezvous or orb i t  establishment. A l l  computations were made with 
the  r e s t r i c t e d  two-body equations of motion. In  addition t o  the  lunar gravi ty ,  
these equations included t h e  vehicle t h rus t  forces .  The moon w a s  assumed t o  be 
a homogeneous sphere with a radius of 5 702 000 f e e t  (1.738 x I d  kilometers) 
and a surface gravi ty  accelerat ion of 5.32 f e e t  per second per  second 
3 
(1.62 meters per second per  second). 
used: 
The following equations of motion were 
where 
and 
*. .. r e  + 2re = - E cos p 
m = mo + h dtf s ( 3 )  
These equations of.motion were solved on an e lec t ronic  d i g i t a l  computer. 
direct ions of the  angles and vectors involved a r e  shown i n  f igure  1. 
The 
The procedure used i n  t h i s  study was t o  i n i t i a t e  numerical integrat ion of 
equations (l), ( 2 ) ,  and (3)  from c i r cu la r  o r b i t  conditions with increasing mass. 
I n  the  coast phase (no th rus t  appl ied)  t he  standard o r b i t  equations f o r  motions 
i n  a cen t r a l  force f i e l d  were used t o  determine o r b i t  cha rac t e r i s t i c s  a t  various 
a l t i t u d e s .  
near-zero veloci ty  i n  the  v i c i n i t y  of the  lunar  surface.  
was obtained by patching the  coast  phase ( b a l l i s t i c  t r ans fe r  o r b i t )  with the  
appropriate t h rus t ing  phase. These t r a j e c t o r i e s  a re  used a s  rendezvous t r a -  
j ec to r i e s  from the  lunar  surface t o  a vehicle i n  a c i r cu la r  o r b i t .  
A n  i t e r a t i o n  process was used t o  obtain desired end conditions of 
A complete t r a j ec to ry  
Several t r a j e c t o r i e s  from the  lunar surface can be used t o  e f f ec t  rendez- 
vous with a vehicle i n  o r b i t .  
maneuver was of primary i n t e r e s t .  The d i r e c t  rendezvous t r a j ec to ry  simulated 
herein involves three  phases: ascent,  coast ,  and rendezvous. The ascent phase 
was a gravity-turn thrus t ing  maneuver from l i f t - o f f  t o  th rus t  cut-off.  
posi t ion and ve loc i ty  conditions a t  t h rus t  cut-off were such t h a t  the  pericyn- 
thion a l t i t u d e  of the r e su l t i ng  coast phase ( b a l l i s t i c  t r ans fe r  o r b i t )  was 
greater  than 25 000 f e e t  (7620 meters).  
I n  t h e  present study the  d i rec t - re turn  rendezvous 
The 
After an i n t e r v a l  of f l i g h t  under zero thrust conditions a low th rus t  was 
i n i t i a t e d  p a r a l l e l  t o  t he  veloci ty  vector from a posi t ion along the  coast phase. 
The gravity-turn t r a j ec to ry  associated with t h i s  powered port ion of the  f l i g h t  
terminated when rendezvous was a t t a ined  with the orb i t ing  vehicle i n  an 
80-nautical-mile c i r cu la r  o rb i t .  An i l l u s t r a t i o n  of the  d i r ec t  ascent t o  ren- 
dezvous t r a j ec to ry  i s  shown i n  f igure  2. I n  t h e  present study rendezvous t r a -  
F~ f o r  F2. Values of -j ec to r i e s  were obtained f o r  selected values of Fo - and -
WO F O  WO 
4 
I 
I 
the ascent phase (first thrusting mode) and of % for the rendezvous mode 
FO 
(second thrusting mode) are as follows: 
First gravity-turn maneuver : 0.352, 0.431, 0.465, 0.509 
Second gravity-turn maneuver (z): 0.01 to 0.04, 0.2 to 0.3, 1.0 
The smaller values of F2 - simulated the expected thrust characteristics of the 
FO 
maneuvering thrusters. 
Two pericynthion altitudes were examined: approximately 31 000 feet and 
55 000 feet (9448.8 and 16 764 meters). 
assumed for the computations. Also, it was assumed that there were no engine 
restarts except for - = 1.0. The rendezvous trajectories were examined in 
terms of characteristic velocity, angular separation between the orbiter and 
lander at lift-off, angular distances traveled to rendezvous, and thrusting 
time requirements for powered flight. 
A specific impulse of 305 seconds was 
F2 
FO 
RESULTS AND DISCUSSION 
Direct-return rendezvous trajectories are examined to determine the fea- 
sibility of using high-thrust engines for the powered ascent mode and relatively 
low-thrust engines for the rendezvous mode. The ascent mode is followed by a 
coast phase (ballistic transfer orbit). 
Rendezvous Trajectories 
Selected trajectories are presented in figure 3 in the form of altitude 
plotted against angular range over the lunar surface. Results are presented 
for two values of initial thrust-weight ratio Fo - and two values of final-to- 
WO 
initial thrust ratio F2. - Trajectories corresponding to values of Fo - of 0.352 
FO WO 
and 0.509 for the ascent phase and values of F2 - of 0.03 and 0.02 for the ren- 
FO 
dezvous phase are presented in figure 3(a). 
vous using maneuvering thrusters. The pericynthion altitude of the coast phase 
These F2 - values simulated rendez- 
FO 
5 
associated with these lunar take-off t r a j e c t o r i e s  w a s  about 31 000 f e e t  
(9448.8 meters). I n  figure 3(b) t r a j e c t o r i e s  are presented f o r  F~ - values of 
WO 
values of 0.3 and 0.2 f o r  t h e  ren- F2 
FO 
0.352 and 0.465 f o r  t h e  ascent mode and -
dezvous mode. 9 values simulated engines d i f f e ren t  from and l a rge r  
than t h e  maneuvering th rus t e r s .  The pericynthion a l t i t u d e  of t he  coast phase 
associated with these lunar take-offs was about 55 000 f e e t  (16 764 meters). 
It can be seen from figure 3 t h a t  f o r  a gravity-turn ascent an important fac-  
t o r  associated with the  magnitude of t h e  angular range t o  rendezvous i s  t h e  
F2 used i n  the  d i r ec t  ascent maneuver. combination of - and -
These 
F O  
A more *O 
WO F O  
de ta i led  p l o t  of t h i s  e f f ec t  i s  given i n  figure 4, wherein F2 - i s  shown as a 
FO 
function of OR f o r  values of 5 of 0.352, 0.431, and 0.509. The r e s u l t s  
WO 
shown i n  t h i s  f igure  correspond t o  a 31 000-foot (9448.8 meters) pericynthion 
m 
a l t i t u d e  b a l l i s t i c  t r a j ec to ry .  A study of t he  figure shows t h a t  “0 w a s  a 
WO 
prime f ac to r  i n  determining the  magnitude of t he  angular range f o r  d i r ec t  ascent 
t o  rendezvous. The change i n  0~ i s  due d i r e c t l y  t o  a change i n  the  length 
of t he  b a l l i s t i c  t r a j ec to ry  which increased with an increase i n  3. 
smaller changes i n  OR can a l s o  be effected through var ia t ion of 3. 
Somewhat 
WO 
This 
FO 
e f fec t  can also be seen i n  f igure  4 f o r  constant Fo - values, wherein the  
decrease i n  F2 - from about 0.035 t o  0.01 increased the  t o t a l  range angle by 
about 5 O .  The range of - presented i n  f igure  4 w a s  assumed t o  be represent- 
WO 
FO 
F2 
FO 
a t ive  of maneuvering thrus te rs .  
The t o t a l  range angle can be expressed a s  t h e  sum of t h e  angular distance 
t raveled i n  the coast and thrus t ing  phases. The e f f ec t s  of range angles asso- 
c ia ted  with the  thrus t ing  phases (grav i ty  tu rn )  on i n i t i a l  thrust-weight r a t i o  
- Fo and on thrust-weight r a t i o  a t  t h e  end of coast F2 - a r e  shown i n  fig- 
ures  5 (a )  and 5(b) ,  respectively.  The magnitudes of t h e  angles presented i n  
f igure  5 are f o r  t h e  range from lunar l i f t - o f f  t o  thrust termination f o r  ascent 
( f i g .  5 ( a ) )  and f o r  t h rus t  i n i t i a t i o n  a f t e r  coast t o  rendezvous ( f i g .  5 ( b ) ) .  
A s  can be seen i n  figure 5(a) the  angular range f o r  ascent 
insens i t ive  t o  a change i n  pericynthion a l t i t u d e  from 31 000 t o  55 000 f e e t  
WO w2 
0 1  w a s  r e l a t ive ly  
6 
__ . ,, I 11,111 1 1 1  I II 111.. I I 1111111111.11111 I I 1  I1 1 1 1 1  I1 
(9448.8 t o  16 764 meters). Also,  a change i n  Fo - d i rec t ly  changed t h e  angular 
WO 
t r a v e l  of t h e  ascent. An indicat ion of range angle magnitude f o r  t he  second 
thrus t ing  mode can be obtained from figure 5(b)  where it can be seen t h a t  a 
change i n  F2 - from 0.03 t o  0.01 extended the  second-thrusting-mode range angle 
from 5' t o  l 5 O .  
t rends s imilar  t o  the  results f o r  t he  ascent mode i n  figure 5(a).  
r e su l t s ,  however, a r e  not unexpected since small-size engines require longer 
thrus t ing  periods t o  a t t a i n  specif ied end conditions. 
w2 
A s  would be expected, the  r e s u l t s  of f igure  5(b)  exhibited 
These 
The angular veloci ty  of a vehicle i n  an 80-nautical-mile c i rcu lar  o r b i t  i s  
F O  
WO 
about 3' per  minute. 
and F2 -
For direct-return rendezvous, t he  combinations of -
specify t h a t  l i f t - o f f  be i n i t i a t e d  with spec i f ic  separation angles 
F O  
between o rb i t e r  and lander. 
shown i n  f igure  6 f o r  5 values of 0.352, 0.431, and 0.509. The pericynthion 
a l t i t u d e  of the  b a l l i s t i c  t r a j ec to ry  was about 31 000 f e e t  (9448.8 meters). 
Negative values of A8 ind ica te  o r b i t e r  locat ion behind the  lander a t  l i f t - o f f .  
Since the  thrust-weight r a t i o  i s  proportional t o  accelerat ion,  it would be 
expected tha t  r e l a t ive ly  large values of 
of A0 
ure  6 where an increase i n  
angle A0 from about 8 O  t o  l e s s  than lo. A study of these r e s u l t s  ( f i g .  6 )  f o r  
constant 
The e f f ec t  of '2 - on separation angle i s  
F O  
WO 
Fo -
than those obtained f o r  smaller values of 5; t h i s  can be seen i n  f i g -  
would r e s u l t  i n  smaller values 
WO 
WO 
Fo -
WO 
from 0.352 t o  0.509 decreased t h e  separation 
Fo - show t h a t  varying t h e  magnitude of 2 had only a small e f f ec t  
WO F O  
on Af3. 
Character is t ic  Velocity 
An indicat ion of the eff ic iency of performing the  rendezvous maneuver with 
ce r t a in  combinations of Fo - and F2 - values can be obtained from a study of 
t h e  charac te r i s t ic  veloci ty  ( a  measure of f u e l  comsumption). 
ve loc i t i e s  calculated f o r  t h e  ascent and rendezvous gravity-turn maneuvers a re  
WO F O  
The cha rac t e r i s t i c  
p lo t t ed  against  Fo - and F2 - i n  f igure  7. The s igni f icant  points  t o  be noted 
WO F O  
7 
IllllIllIll I1 
from figure 7(a) are that the gravity-turn ascent was more efficient (less AV) 
when larger values of Fo - were used than when lower values of Fo - were used 
WO WO 
and that an increase in AV 
was associated with the increase in pericynthion altitude from 31 000 to 
55 000 feet (9448.8 to 16 764 meters). 
of about 10 feet per second ( 3  meters per second) 
The characteristic velocities for the 
second thrusting (rendezvous) mode are presented for F2 - values between 0.01 
and 1.0 in figure 7(b). 
FO 
The results in figure 7(b) (hp = 31 000 feet or  9448.8 meters) show that 
the magnitude of AV for rendezvous was generally independent of 9. The 
F O  
magnitude of the characteristic velocity required for the rendezvous maneuver 
is about 2 percent of that required for ascent from the lunar surface. 
The total characteristic velocity required for a direct-return rendezvous 
with a nonimpact coast trajectory (hp = 31 000 feet or 9448.8 meters) can be 
estimated from figure 7 .  As an example, assume a value of - of 0.400 for 
the ascent gravity turn and a value of F2 - of 0.300 for the second gravity 
turn. From figure 7(a) a AV value of 6070 feet per second (1850.1 meters per 
second) is obtained for ascent and from figure 7(b)  a 
per second (30.97 meters per second) is obtained for the second thrust mode. A 
total characteristic velocity of 6171.6 feet per second (1881.1 meters per sec- 
ond) then is obtained for the direct-return maneuver. 
F O  
WO 
F O  
AV value of 101.6 feet 
Thrusting Time Requirement 
"he direct ascent-to-rendezvous maneuver considered in this study consisted 
of two separate gravity-turn thrusting modes connected by a nonimpact ballistic 
trajectoly. Each gravity turn was characterized by a specific thrust duration. 
The magnitude of these thrust durations is of interest since certain types of 
engines have thrusting time restrictions because of cooling problems. An indi- 
cation of the magnitude of the thrusting period associated with 3 1  000- and 
55 000-foot-pericynthion-altitude (9448.8 and 16 764 meters) coast phases can 
be seen in figures 8, 9, and 10. 
turn maneuver is presented in figure 8 and that associated with the second 
thrusting maneuver in figure 10. 
The thrust duration for the initial gravity- 
From the viewpoint of human response, the results in figure 10 suggest that 
low-thrust engines with their extended thrust duration would permit more precise 
control during the second thrusting mode than high-thrust engines. The coast 
period associated with the two powered trajectories is presented in figure 9. 
I n  this figure, the initial thrusting period ti is plotted against the coast 
period t2 for several values of the final thrusting period. The larger values 
8 
of t 3  
rendezvous using the  maneuvering thrus te rs ,  whereas the  value of 
onds ( f o r  t he  coast t r a j ec to ry  with a 55 000-foot (16 764 meters) pericynthion 
a l t i t u d e )  w a s  obtained f o r  simulated rendezvous using engines considerably 
l a rge r  than the  maneuvering thrus te rs .  
(319 seconds, 159 seconds, and 106 seconds) w e r e  obtained f o r  simulated 
t3 of 15 sec- 
CONCLUDING REBMKS 
An ana ly t i ca l  study has been made t o  determine t h e  e f f ec t  of using two 
separate engines i n  a lander f o r  direct-return rendezvous with a vehicle i n  an 
80-nautical-mile c i r cu la r  o r b i t  around the  moon. 
u t i l i z e d  two thrus t ing  periods. An i n i t i a l  th rus t ing  period during which high 
th rus t  was u t i l i z e d  f o r  ascent t o  es tab l i sh  a nonimpact coast t r a j ec to ry  and a 
second thrus t ing  period during which low th rus t  or maneuvering thrus te rs  were 
used t o  complete rendezvous. Only coast t r a j e c t o r i e s  with pericynthion a l t i -  
tudes greater  than 25 000 fee t  (7620 m e t e r s )  were considered so t h a t  i n  the  
event of failure of the  low-thrust engine t h e  lander would follow a nonimpact 
o r b i t .  
dezvous t r a j e c t o r i e s  i n  terms of charac te r i s t ic  veloci ty ,  r e l a t ive  angular 
separation of t he  vehicles a t  l i f t - o f f ,  angular distance t raveled t o  rendezvous, 
and the  thrus t ing  t i m e  requirements f o r  powered f l ight .  
A l l  rendezvous t r a j e c t o r i e s  
The procedure used i n  t h i s  study w a s  t o  examine the  direct-return ren- 
It was found t h a t  cha rac t e r i s t i c  veloci ty  (a  measure of t he  f u e l  consump- 
t i o n ) ,  angular distance t rave led  t o  rendezvous, and the  magnitude of t he  sep- 
a ra t ion  angle between o r b i t e r  and lander a t  l i f t - o f f  were primarily functions 
of the  i n i t i a l  thrust-weight r a t i o .  
t h rus t e r s  f o r  rendezvous had, i n  general, l i t t l e  e f f ec t  on these parameters i n  
terms of t h e  complete d i r ec t  ascent t r a j ec to ry .  From the  viewpoint of man- 
machine consideration, t he  increased th rus t  durations associated with low- 
th rus t  engines permit more precise  control  during the  f i n a l  th rus t ing  phase of 
t he  direct-return rendezvous operation. 
The use of r e l a t ive ly  s m a l l  maneuvering 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Stat ion,  Hampton, Va., Ju ly  29, 1965. 
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